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THE TOEPLITZ THEOREM AND ITS APPLICATIONS
TO APPROXIMATION THEORY AND LINEAR PDE’S

RONG-QING JIA

ABSTRACT. We take an algebraic approach to the problem of approximation
by dilated shifts of basis functions. Given a finite collection @ of compactly
supported functions in L,(R*) (1 < p < o0), we consider the shift-invariant
space S generated by ® and the family (S* : h > 0), where S* is the A-
dilate of S. We prove that (S% : & > 0) provides L,-approximation order r
only if S contains all the polynomials of total degree less than r. In particular,
in the case where ® consists of a single function ¢ with its moment [¢ #0,
we characterize the approximation order of (S : & > 0) by showing that the
above condition on polynomial containment is also sufficient.

The above results on approximation order are obtained through a careful
analysis of the structure of shift-invariant spaces. It is demonstrated that a shift-
invariant space can be described by a certain system of linear partial difference
equations with constant coefficients. Such a system then can be reduced to an
infinite system of linear equations, whose solvability is characterized by an old
theorem of Toeplitz. Thus, the Toeplitz theorem sheds light into approximation
theory. It is also used to give a very simple proof for the well-known Ehrenpreis
principle about the solvability of a system of linear partial differential equations
with constant coefficients.

1. INTRODUCTION

In this paper we take an algebraic approach to the problem of approximation
by dilated shifts of basis functions.

Given a compactly supported function ¢ : R* — C and a complex-valued
sequence a on Z°, the semi-convolution ¢ +'a is the sum Y .. ¢(- —a)a(a).
Let J be a finite set, and let ® = (¢;);cs be a finite collection of compactly
supported functions from R® to C. We denote by .¥(®P) the linear space of
all functions of the form 3, ¢, « a;, where a; (j € J) are sequences on
Z* . Then S := . (®) is shift-invariant in the sense that

feS=f(--y)eS VyeZ.
We call S a finitely generated shift-invariant space.
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Let us consider approximation in L,(R®) spaces (1 < p < o). For a subset
G of L,(R%), the distance from f to G, denoted by dist,(f, G), is defined

by
dist,(f, G) == inf || f - g, -
g€G

Let @ be a finite collection of compactly supported functions in L,(R?).
Let S := A (®)N Ly(R*) and S" := {g(-/h) : g € S} (h > 0). Given a
nonnegative integer r, we say that #(®) provides L,-approximation order r
if, for any sufficiently smooth function f € L,(RS),

dist, (f, S") = O(h").

Denote by II, the set of polynomials in s variables of (total) degree < r.
We agree that II_; = {0} . The Fourier transform of a function ¢ € L;(R®) is
defined by

$(&) = Rsco(x)e”ié"‘dx, EeR,

where &-x denotes the inner product of two vectors ¢ and x.

There has been an extensive study on approximation with shift-invariant
spaces. Here we only mention three recent works. In [8] the author char-
acterized the L,-approximation order of .(®) for the case when the space
dimension s = 1. When ® consists of a single function ¢, Ron in [15] gave a
characterization of the L.,-approximation order of 5 (®) as follows. If ¢ is
a compactly supported continuous function on R® with ¢(0) # 0, then #(p)
provides L..-approximation order r if and only if #(¢) 2 II,_;. We note
that the method used in [15] cannot be applied to the case where 1 < p < .
In [3], de Boor, DeVore, and Ron characterized the L,-approximation order
of #(®). Their method works only for the L,-norm. On the other hand,
they allowed ® to consist of arbitrary functions in Lz(RS) (not necessarily of
compact support).

One of our goals in this paper is to extend Ron’s result tothecase 1 <p < co.
One direction is relatively easy: If ¢(0) # 0 and #(¢) D II,_;, then #(p)
provides Lp-approximation order r. Here we sketch the idea of the proof.
Using the notion of commutator introduced in Chui, Jetter, and Ward [6], de
Boor in [1] showed that ¢(0) # 0 and ¥(¢) D I1,_; together imply that

(1.1) D*¢(2nB) =0 Vl|a|<rand B € Z°\{0}.

If ¢(0) # 0 and (1.1) holds, then we say that ¢ satisfies the Strang-Fix condi-
tions of order r (see [16] and [5]). Once we know that ¢ satisfies the Strang-Fix
conditions of order r, a quasi-interpolation technique can be used to produce
an approximation scheme that provides the desired approximation order. See
the paper [10] by Jia and Lei for an explicit construction of quasi-interpolants
in the L,(R®) spaces (1 < p < oc0). Also, see the recent survey paper [2] by de
Boor on quasi-interpolants.

For the converse we are required to prove that .#(¢) 2 II,_; if (¢p)
provides L,-approximation order r. In fact, we show that this is true for
& (®), where @ consists of a finite number of compactly supported functions
in L,(R%). A special case of this problem was discussed in [4] by de Boor and
Hollig. To tackle this problem in the general setting, we need to investigate the
structure of .%°(®). It turns out that a shift-invariant space can be described by
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a certain system of linear partial difference equations with constant coefficients.
Such a system then can be reduced to an infinite system of linear equations.
Thus, we are led to the problem of solvaiblity of an infinite system of linear
equations.

Let 4 = (a;j)icr, jes be a matrix, where I and J are two (possibly infinite)
sets and the entries a;; are in a field K. We assume that every row of A4 is
finitely supported, that is, for every i € I, the set J; := {j : a;; # 0} is finite.
Consider the system of linear equations:

(1.2) Za,-,-xj=b,~, iel,

JjeJ

where the vector (b;);c; € K! is given. We say that the system of linear equa-
tions (1.2) is consistent if it can be solved for (x;)je; € K’ . The system of
linear equations (1.2) is said to be compatible if, for every finitely supported
vector A = (A;)ie; € KT,

Zﬂ.,’d,‘j=0 VjEJ = Zﬂ.,’bi=0.

iel iel

It is obvious that consistency implies compatibility. The converse implication
is the content of the following theorem by Toeplitz. Its proof can be found in
[13, p. 96].

Theorem 1 (Toeplitz). The system of equations (1.2) is consistent if and only if
it is compatible.

In §2 we apply the Toeplitz theorem to the study of linear partial differential
equations with constant coefficients and give a simple proof of the well-known
Ehrenpreis fundamental principle on the solvability of such systems of linear
pde’s (see [7, Theorem 6.1]). In §3 we establish a similar result about linear
partial difference equations with constant coefficients. Our approach is direct
and elementary. Also, see [14] and [11] for some related results.

With the help of the result in §3, we are able to describe the structure of
a finitely generated shift-invariant space. We say that a function f is locally
contained in #(®) if, for any compact subset E of R, there exists an element
ge € #(®) such that f and gy agree on E. In §4 we show that a function
locally contained in .(®) actually lies in it. In §5 this result is used to establish
a lower bound for the approximation order. It is proved there that, if & (®)
provides L,-approximation order r for some p € [1, oc], then 5(®P) contains
I1,_; . Finally, if ® consists of a single function ¢ with ¢(0) # 0, then we
prove that () provides L,-approximation order r for some p € [1, oo] if
and only if II,_; C ¥ (9).

2. PARTIAL DIFFERENTIAL EQUATIONS

We use K[X;, ..., X;] (resp. K[Xi, ..., Xs]]) to denote the ring of poly-
nomials (resp. formal power series) in s indeterminates X;, ..., X; over K.
Let N be the set of nonnegative integers. Given a = (o), ..., as) € N° and
B=P1,....B) €N, a<p means a; < f; forall j=1,...,s. Further,

a!:=a;!---as!. The monomial X" ---Xg* is denoted by X*. Moreover, the
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differential operator D® on K[[Xi, ..., X;] is defined by the rule
D[ > apxf|:=>"a _B xp-a
) PB=—a)”
BENs B2a

If p=73,cnCaX® is a polynomial, then p induces the differential operator
p(D) =3 ens CaD* .

Let f = YpenscpX? be an element in K[X;, ..., X;]. We denote its
constant term ¢y by f(0). If K is a field of characteristic 0 and if D f(0) =0
for all a € N°, then f = 0. If K is of positive characteristic, then this
conclusion does not hold in general.

Now let (pij)iecr,jes be a matrix, where I and J are finite sets and each

entry p;; is an element of K[X;,..., X;]. Consider the system of partial
differential equations:
(2.1) > pij(Dyuj=fi, i€l,
jeJ
where f; (i€l) and u; (jeJ) arein K[X;, ..., X].

The system of pde’s (2.1) is said to be consistent if it can be solved for
(uj)jes . It is said to be compatible if the following compatibility condition is

satisfied: For ¢g; € K[X,..., Xs] (i€el),
(2.2) Y qpij=0vjeJ = Y q(D)fi=0.
i€l i€l

The following theorem was first proved by Ehrenpreis for the case when K
is the complex field C. He raised the question whether his theorem could apply
to an arbitrary field (see [7, p. 173]).

Theorem 2. Let K be a field of characteristic 0. Then the system of pde’s (2.1)
is consistent if and only if it is compatible.

Proof. Obviously, if (2.1) is consistent, then it is compatible. Suppose now that
(2.1) is compatible. We wish to show that it is consistent. The main idea of
our proof is to reduce (2.1) to an infinite system of linear equations so that the
Toeplitz theorem applies.

Since K is a field of characteristic 0, (u;);e;s satisfies the system of linear
pde’s in (2.1) if and only if

D® (Zp,j(p)uj) (0)=D"£;(0) VaeN andi€l.

jeJ
Suppose
ﬁ: Z}](i‘,,)/\m/a!, IGI,
a€Ns
uj=y &.pXtB,  jeJ,
BeENs
and

pij= Y (X", (i,j)elxJ.
yENS
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Then D*f;(0) = n;,q) , and
D*(pij(D)u;)(0) = pi;(D)D*u;(0)

= pij(D) (Z Ej.opXE /(B - a)!) 0) = Z cij(B—a),p -

Let

(B -a) if B3 a,
2. ), B) 1=
(2.3) Ai,a),(j,B) { 0 otherwise .

Thus the system of pde’s (2.1) is equivalent to the following system of linear
equations:

(24) Z a(,"a),(j,p)é(j’p)=71(,',a) V(i,a)GIxN‘.
(J,B)eJ xNs

It remains to show that the compatibility condition (2.2) implies the compati-
bility condition for the system of linear equations (2.4). For this purpose, let
A € KXY be such that 4, = 0 except for finitely many (i, a) € I x N,
Suppose

(2.5) Z ﬂ.(,’)a)a(j,a),(j,ﬁ)=0 V(j,B)eJ xN.
(i,a)€IxNs
Let
qi = Zl(i,a)X", iel.
a€Ns

Then

Y oapii= DY Aiacii(B—a)XE.

iel BENs a<B

From (2.3) and (2.5) we see that the sum Zagp A, )Cij(B —a) = 0 for all
(J,B)€J xN; hence } ., qipij =0 forall j e J. Since (2.2) is satisfied,

this implies
Y a(D)fi =0.
i€l

It follows that )., g:(D)fi(0) = 0, that is,

Z A )i, a) = 0.

(i,a)€IxNs

This shows that the system of linear equations (2.4) is compatible; hence it
is consistent by the Toeplitz theorem. Therefore the system of pde’s (2.1) is
consistent. O

3. PARTIAL DIFFERENCE EQUATIONS

Let K be a field. A mapping from Z* to K is called a K- sequence on Z5 .
Let A be the linear space of all K-sequences on Z°. Given a € Z*, let t de-
note the difference operator on S defined by 7 f := f(-+a) for f € A. A Lau-
rent polynomial in s indeterminates over K has the form Y . c. X, where

E is a finite subset of Z*. We use the notation K[X|, X[', ..., X;, X;]
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to denote the ring of Laurent polynomials in s indeterminates over K. If
P =Y ,cgCX® is a Laurent polynomial, then p induces the difference opera-
tor p(7) = Y cp Ca®®-

Now let (pij)ier,jes be a matrix of Laurent polynomials, where / and J
are finite sets. Consider the system of partial difference equations:

(3.1) > pij(Du; = fi, iel,
jeJ
where f; (i€l) and u; (jeJ) arein 4.

The system of partial difference equations (3.1) is said to be consistent if it can
be solved for (u;);cs . It is said to be compatible if the following compatibility

condition is satisfied: For ¢; € K[X], )(l‘l s Xs, X7 (P€1),
(3.2) Y apij=0vjeJ = Y q(1)fi=0.
i€l i€l

Theorem 3. Let K be an arbitrary field. Then the system of pde’s (3.1) is con-
sistent if and only if it is compatible.
Proof. Obviously, if (3.1) is consistent, then it is compatible. Suppose now
that (3.1) is compatible. We wish to show that it is consistent. The proof is
similar to that used in Theorem 2. We reduce (3.1) to an infinite system of
linear equations and then apply the Toeplitz theorem to it.

Let

Ni,a) = fil@) Y(i,a)elxZ,
EGop=ui(B) V(,B)eJxZ.
Suppose pij =3¢z Cij(7)X? . Then
P = 3 ey et 1) = 3 (8~ ).
YELS BELs

This shows that (3.1) is consistent if and only if the following system of linear
equations is consistent:

(3.3) S ai.aG.pEG. B = M) (i,a) eI xZ°,
(J,BeTxZs

where a; 4),(j,p) = ¢ij(B — ). The remainder of the proof is exactly the same
as that of Theorem 2. If (3.1) is compatible, then (3.3) is also compatible; hence
(3.3) is consistent by the Toeplitz theorem. We therefore conclude that (3.1) is
consistent. O

4. SHIFT INVARIANT SPACES

Let S = % (®), where ® = (p;),cs is a finite collection of compactly sup-
ported functions from R to C. Then the restriction of S to [0, 1) is finite
dimensional. Let ¥ = (y;);c; be a basis for it. Suppose a; (i € I) are
sequences on Z°. To (a;)ie; we associate a function f on RS as follows:

fx) =S ai(Bywi(x - B) forxe p+[0,1F, Be2.

i€l
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We denote the function f by (a;)k;. Let V be the linear space of all such
functions. Then S = (®) is a linear subspace of V. In particular, each ¢;
has a representation (a; j)}’é ;> where each a;; is a finitely supported sequence
on Z°.

A function f € V lies in S = 7(®) if and only if there are sequences u;
(j€J) on Z° such that

(4.1) f= Z¢J *,uj’
j€J
Suppose [ = (f),e, If x € [0,1)+ B for some B € Z°, then x —a €
[0, 1)) + B — @, and hence
9i(x—a)=> a;(B—a)pi(x - B).
i€l
We see that (4.1) is equivalent to

JO =YY oix—auj(@) =" > ai;(B - a)pi(x — B)uj(a).

Jj€J a€ZS Jj€J a€Zs i€l

But
Fx) =3 fiB)wilx - B).

iel
Since (¥:)ier forms a basis for S|, 1)s , it follows that

=YY a(B-oui(a) =YY" aij(a)u;(B -a)

Jj€J a€Zs Jj€J a€Zs
for i€l and B € Z°. This is equivalent to
Y opi(tuj=fi, i€l
jeJ
where each p;; is the Laurent polynomial given by
Dij = E aij(a)X-a .
a€Z’

Let Q be the collection of those (g;);c; for which
G eCX, X7 . X, X7 (e

and

quu =0 VvjelJ.
i€l
Theorem 3 tells us that a function f = (fj)k, lies in #(®) if and only if, for
all (gi)ier € Q,
> 40 fi=0.

iel
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Theorem 4. Let ® = (¢;);jcs be a finite collection of compactly supported func-
tions from R* to C and S := #(®). Then a function is contained in S if and
only if it is locally contained in S .

Proof. Let f be a function locally contained in S. Assume that f = (f)&;.
We wish to show that f is contained in S. By the preceding remark, it suf-
fices to show that, for every (gi)ier € Q, Y. ;c;9i(7)fi = 0. Suppose g; =
zyeZ‘ Ci,yXy ,i1€el.

For a = (aj,...,a;) € Z° we use |a|, to denote maxi<j<,|aj|. For a
positive integer N, let Ky = {a € Z° : |aJc £ N}. Since each ¢; is a
Laurent polynomial, there exists a positive integer N such that ¢; , = 0 for
all (i,y) with i €I and y ¢ Ky. Let a be a fixed element of Z*. Since
f is locally contained in S, there exists a g € S such that g and f agree
on a+[-(N+1), N+ 1. It follows that g and f agree on B + [0, 1)*
forall B €a+Ky. Let g =(g)k,;. Then g(B) = fi(B) forall i eI and
B € a+ Ky . Therefore we have

S afi@) =3 Y cfila+y)

i€l i€l yeKn

=3 i gla+y) =) 4q(1)gi() =0.

i€l yeKn iel

The last equality in the above is true since g € #(®). This shows that
Yic19i(7) fila) = 0 for all a € Z°; hence Y., qi(1)fi =0, as desired. O

5. APPROXIMATION ORDER

We are now in a position to consider approximation in L,(R®) spaces (1 <
p < o0). In this section, we use I to denote the cube [-1,1). If E is a
measurable subset of R® and 1 < p < oo, then | f]||,(E) denotes the quantity
(g ()P dx)!/? . If p = o0, then ||f]lo(E) denotes the essential supremum
of f over E.

Theorem 5. Let ® = (¢;);cs be a finite collection of compactly supported func-
tions in L,(R®). If S#(®) provides L,-approximation order r for some p €
[1, o], then #(®) contains I1,_; .

Proof. Our proof follows the lines of [12]. Write S for .#(®). Suppose that S
provides L,-approximation order r. We wish to prove that S contains II,_; .
By Theorem 4, it suffices to prove that Il,_; is locally contained in .S'. Suppose
to the contrary that Il,_; is not locally contained in S. Then there is an integer
k with 0 < k < r—1 such that Il,_; is locally contained in S but Il is
not. By Theorem 4, II,_; C §. Thus, there exists a nontrivial homogeneous
polynomial g of degree k such that g is not locally contained in S . For this
q , there is a positive integer m such that g|,; ¢ S|.s. Let

(5.1) 6 = inf ||g — w|,(mI).
wWES
Since S|, is finite dimensional, § must be positive.

There exists a sufficiently smooth function f € L,(R) such that f|; = q|;.
Let ueS"={g(-/h):g€S} (h>0). Then u=w(-/h) for some function
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w € S. Hence
If = ull,(1) = llg —w(-/h)ll(I)
=hlP\g(h-) = wl,(I/h) = kP ||h*q — wl|,(I/h),

where we have used the fact that ¢ is homogeneous of degree k. Thus we
obtain

(5.2) ILf = w(-/m)p(T) = K*+5/P)|g — w/h*||,(I/h).

If p=occ and 0 < & < 1/m, then (5.1) and (5.2) tells us that, for any
u=w(-/h)esSh,

ILf = tlloo(I) = B¥|lg — w/h¥|lo(I/h) = B¥5.

Thus, S provides L..-approximation order at most k if S does not contain
I, .

Let us now consider the case 1 <p <oo. For f € Z° and w € § we have

lg —wllp(B+mlI) =|lg(- + B) —w(: + B)ll,(mI) = |lg —v|,(ml),

where v =q¢—q(- +B)+w(- + B). Since S is shift-invariant, w(- + ) € S.
Also, g —q(- + B)€Il_; CS. Hence v € S, and by (5.1) we obtain

(5.3) llg — wli,(B +ml) =g —vl|,(ml)=4.
Let A =1/[(2n+ 1)m], where n is a positive integer. Then
la - wiga/m = | g - wp
[—(2n+1)m, (2n+1)m}s

-y / g — WP > (2n + 1167 = (hm)=58".
IﬂlOOSn ml+2mﬁ

This together with (5.2) implies that, for any u = w(- /h) € S*,
ILf = ullp (1) = K**$1P||q — w/h*||,(I/h) > Sm™/P k.

The above estimate is true for 2 = 1/[(2n+ 1)m], where n can be any positive
integer. Since k < r, this contradicts the assumption that S provides L,-
approximation order r. O

Finally, we consider the case in which @ consists of a single function ¢ .

Theorem 6. Let ¢ be a compactly supported function in L,(R*) (1 < p < o0)
such that $(0) #0. Then the following statements are equivalent.

(a) & (9) provides l,-approximation order r.

(b) M1 c F(9).

(c) ¢ satisfies the Strang-Fix conditions of order r.

The implication (a) = (b) follows from Theorem 5 at once. With the as-
sumption ¢(0) # 0, it is proved in [1] that (b) implies (c). The implication
(c¢) = (a) is well known. See [10] for an explicit construction of a quasi-
interpolation scheme which provides the desired approximation order.
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